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1. INTRODUCTION AND PRELIMINARIES 
In this paper we show how Hukuhara’s definition [2] of topological 
degree, given for a set-valued mapping taking values which are nonempty 
convex compact subsets of a Banach space E, can be naturally extended to 
the case in which the values of the mapping are nonempty convex closed 
(not necessarily bounded) subsets of E. 
Let X be a metric space. For XC 3, 8X denotes the boundary of X, x its 
closure. For u E X and r > 0, S,(u, r) stands for the closed ball with center 
at u and radius r. Let E be a real Banach space. We denote by 3’ (resp. g) 
the space of all nonempty convex closed bounded (resp. nonempty convex 
compact) subsets of E endowed with Hausdorff metric d(A, B) = inf{t > 0 ] 
AcB+tS, BcA+tS), where A,BEX and S=S,(O,l). It is well 
known that .R is complete under d and that Q is closed in 3. 
The (set-valued) mapping F: D -X, (D c E), is called upper semi- 
continuous (u.s.c.) at x, E D if, for every E > 0 there exists 6 > 0 such that 
F(x) c F(x,) + ES for every x E (x0 + 6s) n D. The mapping F is called 
U.S.C. if it is U.S.C. at each point of D. The mapping F: D-X is called X- 
compacr (resp. compact) if the set F(D) is precompact in X (resp. the set 
( y E E 1 4’ E F(x) for some x E D}, for brevity, denoted by U (F(x) 1 x E D 1 
is precompact in E). 
It is easy to prove the following lemmas: 
LEMMA 1.1. Let F, G: D + .YY be U.S.C. and X-compact. Then, for any 
s, t E R the map SF + tG: D +X defined by (SF + [G)(x) = SF(X) + tG(x), 
x E D, is U.S.C. and Z-compact. 
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LEMMA 1.2. The map F: D + ‘6 is compact if and only if it is 8 -. 
compact. 
Clearly, if F: D +.R is compact, then it is .X-compact. The converse in 
general is not true. If E has infinite dimensions, a trivial example of a .R - 
compact mapping which is not compact is given by F(x) = S, x E D. 
Let D be a nonempty open bounded subset of E. Let F: o+ P be U.S.C. 
and compact. Suppose that 0 6! U {x - F(x) 1 x E aD}. Then the topological 
degree of Z-F at 0 relative to D, denoted by deg[Z - F, D, 01. is well 
defined (see [ 1, 2.41) and has the following properties: 
PROPOSITION 1.1. Let D be an open bounded subset of E. Let F: ii- q 
be U.S.C. and compact. Then we have 
(i) deg[l, D, 0] = 1 provided 0 E D, I the identity; 
(ii) deg[l- F, D, 0] = 0 whenever 0 & U {x - F(x) 1 x E fi); 
(iii) if K: [0, l] x 0-1 P is u.s.c., compact, and such that 0 6? 
U {x - K(t, x) ( (t, x) E [O, l] x aD), then we have deg[Z - K(0, .), D, 0] = 
deg[Z - K( 1, .), D, 01. 
For further properties of this degree see [ 1,2,4]. 
2. TOPOLOGICAL DEGREE FOR MAPPINGS WITH BOUNDED VALUES 
Throughout this section E is a real Banach space and D a nonempty open 
bounded subset of E. Two elementary lemmas are stated without proof. 
LEMMA 2.1. Let F: fi+.iv be given. Suppose that there is a finite- 
dimensional subspace H of E such that G(x) = F(x) n H # 0 for ever) 
x E 0. Then. 
(i) if F is U.S.C. G is also and 
(ii) if F is .R -compact, G is compact. 
LEMMA 2.2. Suppose that A 1 x0 + OS, A E .X, u > 0. Then any B E .X 
such that d(A, B) < a/2 satisfies B 2 x,, + (a/2)S. 
LEMMA 2.3. Let F: & .K be U.S.C. and X-compact. Suppose that for 
each x E 0, F(x) contains a ball with radius o > 0 (independent of x) and, 
furthermore, 0 & lJ (x -F(x) 1 x E aD). Then there exists a fir@- 
dimensional subspace H of E such that (putting G,(x) = F(x) n H, x E 0) 
G,(x) E P and the topological degree of I - G, at 0 relative to D is well 
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defined. Moreover, if I? is another subspace of E satisfying the above 
conditions, we have deg[I - GB, D, 0] = deg[I - G,, D, 01. 
ProoJ Let 0 < s < o/2. S&e F is X-compact, there exist 
y, 3 y, ,...’ Y, E F(D) such that F(x) E U y=, S,( Yi, E) for every x E D. From 
this and the fact that each set Yi contains a ball yi + OS (yi E Yi) we deduce, 
by virtue of Lemma 2.2, that for each x E D there is some 1 4 i < n such 
that F(x) 3 yi + (a/2jS. Let H be the subspace of E spanned by 
LJ, 1 .Yz ,.a., y,} and put G”(x) = F(?c)n H, x E 0. By Lemma 2.1, G,: 
D + CR is U.S.C. and compact; moreover, 0 6? U (x - G,(x) ] x E 801. Thus 
deg[l- G,,D,O] is well defined. The fact that this number is independent of 
H follows easily using a standard homotopy argument and 
Proposition 1.1 (iii). 
DEFINITION 2.1. Under the hypotheses of Lemma 2.3, we define 
deg[Z - F, D, O] = deg[Z- G,,, D, 01. 
LEMMA 2.4. Let F: o-+.3 be U.S.C. and X-compact. Suppose that 
O&o, where Q=U(x-F(x)IxEaD\. For E>O, let F,: 0+.X’ be 
defined by F,(x) = F(x) + ES. Then, for small E, the topological degree 
deg[Z - F,, D, 0] is well defined and independent of E. 
Proof. Let q > 0 be such that qS n 0 = 0. Let 0 < E < E’ < q. By 
Lemma 1.1, F, and F,, are U.S.C. and +X-compact. By Lemma 2.3 there is a 
finite-dimensional subspace H of E, such that the mappings G,, GI, given by 
G&) = F,(x) ~7 H, G;(x) = F,.(x) n H map Z? into q, are U.S.C. and 
compact. Then, using the homotopy K: [0, 1 ] x 0-t g defined by K(t, x) = 
tGH(x) + (1 - t) G;(x), it is routine to see that the hypotheses of Proposition 
l.l(iii) are satisfied, and so deg[Z - G,, D, 0] = deg[Z - Gk, D, O]. Thus 
deg[Z - F,, D, 0] = deg[Z - F,., D, 0] and the lemma is proved. 
DEFINITION 2.2. Under the hypotheses of Lemma 2.4 we define 
deg[Z-F,D.O]=lim,+,+deg[Z-F,,D,O]. 
PROPOSITION 2.1. Let D be an open bounded subset of E. Let F: 6+.X 
be U.S.C. and .X-compact. Then we have 
(i) deg[Z, D, 0] = 1, provided 0 E D, Z the identity; 
(ii) deg(Z - F, D, 0] = 0 whenever 0 & U (x -F(x) I x E fi}; 
(iii) if K: [0, 1 ] x 6-+ .R is U.S.C. and 3-compact and satisfies 
0 6? 0, where Q = U (x - K(t, x) 1 (t, x) E [0, 1 ] X c?D 1, then we have 
deg[Z-K(O,.),D,O]=deg[Z-K(l,.),D,O]; 
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(iv) if the sequence (F, }, where F, . ’ b-t.3 is U.S.C. and .3 -compact. 
converges uniformly to F and, in addition, 0 & U {x -F(x) / x E aD), then. 
for n sufficientlv large, we hatle deg [I - F,, , D, 0) = deg [ I - F, D, 0 ] : 
(v) if F, G: D+.Z are u.s.c., .T-compact, and such that F(x) = G(x) 
for x E ZD, and moreover 0 CZ IJ {x - F(x) 1 x E: aD}, then deg[l - F, D, 0 ] = 
deg[l- G, D. 01; 
(vi) if D = D, V D,, where D,, Dz are IWO disjoint bounded open 
subsets of E such that 0 6Z U {x - F(x) ] x E cTD, U i)D, }, rhen 
deg[Z-F,D,O]=deg[l-F,D,,O]+deg[Z-F,D,,O]. 
Proof Part (i) is obvious. To prove (ii), let 9 > 0 be such that VS n 
[ IJ {x - F(x) ] x E D} ] = 0. Set F,(x) = F(x) + ES, 0 < E < n, x E 0. Let G, 
correspond to F according the Lemma 2.3. Clearly 0 @ U (x - G,(x) ) 
XEDJ; thus, by Definition 2.2, Lemma 2.4, Definition 2.1, and 
Proposition 1.1 (ii), we have deg[l-F,D,O]=deg[Z--F,,D,O]= 
deg[l- G,, D, 0] = 0 and (ii) is true. 
For (iii), let 9 > 0 be such that qS n Q = 0. For any 0 < u < q/2, 
consider the mapping K,: [O, I] x fi+X defined by K,(t, x) = K(t, x) + US. 
We have (q/2)S n [U (X - K,(t, x) ] (t, X) E [Ot l] x aD)] = 0. Let 
0 < E ( a/2. Clearly K, is .K-compact, thus there exist Y, , Yz ,..., 
Y,, E K,(L’. 11 x 0) such that K,(t, x) E U;=, S,(Yi, E) for each (t, x) E 
[0, I] x D. From this and the fact that each set Yi contains a ball yi + US, 
(i = 1, 2,..., n), we infer. by virtue of Lemma 2.2, that for each (f, x) E 
[0, 1 ] x D there is an integer 1 < i < n such that K,(t, x) 1 yi + (0/2)S. Let 
H be the subspace of E spanned by (y,, yz ,..., _v,}. Put G(t, x) = 
K,(t. ,y)f? H, (t, x) E [0, l] x D. Clearly, G: [0, l] X D-1 V is U.S.C. and 
compact (see Lemma 2.1) and satisfies (q/2)S n [U (x - G(t, x) / (t, x) E 
[ 0, 1 ] x 3D } ] = 0. From this, using Proposition 1.1 (iii) and Definitions 2.1 
and 2.2, the statement follows. 
For (iv), let q > 0 be such that +S n [U {x - F(x) 1 x E aD)] = 0. Note 
that F is U.S.C. and .R-compact. Set F,(X) = J’(x) + ES, 0 < E < q/2, s E 0. 
Let n, be such that for every n > n, we have F,(x) c F,(x), x E 0. The 
homotopy K(t, x) = [F,,(x) + (1 - t) F,(x), (t, x) E [0, 1 ] x D satisfies all 
assumptions of (iii). From (iii) and Definition 2.2 the result. 
Similar arguments can be used to prove (v) and (vi). 
Remark 2.1. Other properties of the topological degree given by 
Definition 2.2 can be proved using the arguments of the preceding 
proposition. For example, let D be an open bounded set containing the origin 
and suppose that the mapping F: D -t.? is u.s.c., .X-compact, and such that 
for some o > 0, A(x + US) n F(x) = 0 for each x E c?D and A > 1, then 
deg[l- F, D, 0] = 1. Indeed. without loss of generality, we can assume that 
US c D. Consider now the map K: [O. 1 ] x 6+.X defined by K(t, x) = 
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C(x). We have that K is U.S.C. and .X-compact. The hypotheses on F imply 
that for each (t,x) E [0, l] x aD we have 0 6Z u (x - K(t, x)1 
(t, x) E [0, 1 ] x 30 ); thus by Proposition 2.1 (iii) the claim follows. 
3. TOPOLOGICAL DEGREE FOR MAPPINGS 
WITH UNBOUNDED VALUES 
Throughout this section E is a uniformly convex Banach space and D a 
nonempty open bounded subset of E. Let 3 denote the set of all nonempty 
closed convex subsets of E. For A, B E R we set T = (t > 0 1 A c B + tS, 
BcA+tS}.Thenwedefined,(A,B)=infTifT#0andd,(A,B)=+coif 
T = 0. It is easy to see that d, is a generalized metric in R and that under 
d, the space .i%” is complete. For a mapping F: fi-+Z the definitions of 
upper semi-continuity and .X-compactness are analogous to those given for 
mappings with values in .Z. We observe that if the space E 2 5 has finite 
dimension, then any continuous mapping F: fi-+R is R-compact. For 
xEEandAcEwesetp(x,A)=inf((x-al(aEA}. 
LEMMA 3.1. Let F: o--+ 3 be U.S.C. and such that, for every x E 0, 
F(x) n rS f 0, (r > 0). Then the mapping G, : o+ X defined by G,(x) = 
F(x) c-7 rS is U.S.C. 
Proof In the contrary case there exist x0 E 0, 0 < E < r, and sequences 
{x, } c 6, { y, } c E such that x, -+ x0 as n + +co, y, E G,(x,), and 
P(Y,, 7 G,.(x,)) 2 ~3 n E N. (3.1) 
On the other hand, since F is u.s.c., we have 
~0,. FW) --) 0 as n++co. (3.2) 
Let B(c)=inf(l--]x+y1/2]x, YES, Ix-y]>&} be the modulus of 
convexity of E. We recall that B(E) <c/2 and that, if x, y E rS satisfy 
Ix - y ] > E, then we have /x + y(/2 < r( 1 - &c/r)). By (3.2) there exist 
U, E F(x,) and n, E N such that ) yn, - u,( & r&&/r) < c/2. From (3.1) we 
deduce that u0 6Z rS. Now choose z,, E G,(x,) and observe that by (3.1) we 
have IJJ,~ - z,,] > E. Then 
fl~,+z,/~~l~,-4’“,l tfIL,+Zol 
< $&E/r) + r(1 - B(.s/r)) < r. 
Since u,, r0 E F(x,) and z, = (u, + z,)/2 lies in rS it follows that 
z, E G,.(x,). On the other hand 
IYno-Z,I~~IYn,--Uol+~l-Iln,-Zol 
< #(E/r) + 4 I yno -Zolg(&/22)+~l-1’,~--ZOl. 
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Then, inductively, we can construct a sequence {zi} c G,(x,), zi = 
(u, + zim ,)/2, i E 6J, such that 
I?~,l,,-zil< $ ++;ll’,,,, -zo/, iE El. 
.,= I
For i large we have 1 Y,~, - zi/ < F, in contradiction to (3.1), and the proof is 
complete. 
LEMMA 3.2. Let F: fi -+ .iitr be X-compact. Then there is r > 0 such that 
the mapping G, : D -+ .T defined by G,(x) = F(x) CI rS is .X-compact. 
Proof: Let 0 < E < f . Since F is .#kompact, there exist Y, ,-Yz ,..., Y,, E 
F(D) such that F(x)EU~=,S~Y~,E) for each xED. Putting 
r=rnax,,i~n1j~iI+2, for yi fixed in Yi. we have F(x)n(r-l)S#0, 
x E D. With such a choice of r, the mapping G, is .X-compact. In fact, 
consider the sequence (G,(x,)}, x, E 0. Since F is Rkompact, without loss 
of generality, we assume that for some A E R-. 
d,(F(x,,), A) + 0 as n --t +a~. (3.3) 
By the choice of r, A f? rS # 0. Thus to finish the proof it is sufficient to 
show that d(G,(x,), A f? rS) + 0 as n + +co. In the contrary case. passing to 
subsequences (without change of notation) we find an E > 0 such that 
or 
p( ?‘,I) A n rS) > E, for some J’,, E G,.(x,), n E 6J, (3.4) 
p( I’,, G,(x,)) > E, for some y, E A n rS, n E N. (3.5) 
Consider the case of (3.4) (for (3.5) the argument is similar). By (3.3) there 
is u,, E A and n, E EJ such that IJ’,,, - uOI < &(6/r). Clearly, by (3.4), 
u,, @ rS. Then, as in the proof of Lemma 3.1, starting form some point 
z0 E A n rS we can construct a sequence (.zi} c A n rS such that 
lYn - zi/ < E if i is large enough. This contradicts (3.4) and completes the 
pro0of. 
Remark 3.1. Note that G, is .R-compact for every r’> r, where r is 
given by Lemma 3.2. 
LEMMA 3.3. Let F: o+ 9’ be u.s.c., -E-compact and such that 0 6E 
IJ (x -F(x) 1 x E JD). Let G, be defined as in Lemma 3.2. Then, for each 
?>r bvehauedeg(Z-G,,D,O]=deg[Z-G,,D,O]. 
Proof: Consider the homotopy K: [O, 1 ] x 0+,X defined by K(t, x) = 
tG,(x) + (1 - t) G,(x). Since K is U.S.C. and .X-compact and satisfies 0 @ 
U (x - K(t, x) ( (t, X) E [O, 11 x aD), the conclusion follows from 
Proposition 2.1 (iii). 
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DEFINITION 3.1. Under the hypotheses of Lemma 3.3 we define 
deg[Z-F, D, 0] = lim,_+, deg[Z- G,, D, 01. 
Remark 3.2. With the above definition one can easily state the analogue 
of Proposition 2.1 for mappings F: D -+X which are U.S.C. and X-compact. 
The proofs of (ii)- are carried on using the maps G, given by 
Lemma 3.2. For maps F: 0+.X homotopy arguments deserve caution. For 
instance, if F(x) is unbounded for some x E fi then H(t, X) = (F(x), 
(t, x) E [0, 1 ] x 0, is not U.S.C. and so it cannot be a homotopy. 
Remark 3.3. For a possible application to fixed point theory, it is 
important to have that the map F under consideration, in addition to being 
U.S.C. and .fl-compact (or X-compact), also be closed. By this we mean that 
the set U (X - F(x) 1 x E b} be closed in E. Of course this is the case if F: 
D--t V’ is U.S.C. and compact. The closedness of F is easily proved in some 
special cases (see, for example the following propositions); in general it 
seems to be a property rather difficult to establish. 
PROPOSITION 3.2. Let E be a reflexive Banach space. Let D be a closed 
convex bounded subset of E. Suppose that the map F: &.X’ is .X-compact 
and such that x, +x (weakly) implies d*(F(x,), F(x,))-+ 0 as n+ $00, 
where d* denotes the separation of F(x,,) from F(x,). Then the set 
U (x - F(x) ) x E 6} is closed in E. 
PROPOSITION 3.3. Let .z? = (A E F 1 A n rS is compact for every 
r > O}. Then the set .8 is closed in .Y. Moreover, if F: o-, 2 is U.S.C. and 
Ccompact, then the set U (x - F(x) 1 x E fi} is closed in E. 
Using a different approach, Lasry and Robert [3] have defined in a finite- 
dimensional space the topological degree for mappings taking unbounded 
values. 
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